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o 1 Introduction 

(N 

^ ! In the paper |[T1 S. Saito and the author constructed a surface X over a p-adic local field 

such that the /-primary torsion part CHo(X) [/°^] of the Chow group of 0-cycles is infinite for 
G^ \ I ^ P-, which gave a counter-example to a folklore conjecture. The purpose of this paper is 

to show that there is such an example even for / = p: 

a 
< 

-(— > 



Theorem 1.0.1 (Theorem 14.1.21) There is a quintic surface X C Pq over Qp such that the 
p-primary torsion part CHo(X Xq ii')[p°°] is not finite for arbitrary finite extension K of 



Our proof is comparable with that of |fTl|, however a new difficulty appears in case / = p. 
Let us recall the outline of the proof of [1] briefly. It follows from the universal coefficient 
^ \ theorem on Bloch's higher Chow group that we have the exact sequence 

\D'. 0— ^CH"(X, l)®Qi/Zi ^^CH"(X, l;Qi/ZO ^CH'(X)[/'^] — ^0 (1.0.1) 

m 

for any / (possibly I = p). The proof of |[T1 breaks up into two steps. We first showed that 
^ , if X is generic then CH^(X, 1) ® Qi/I^i contains only decomposable elements supported on 

O ! hyperplane section (cf. Lem. 13. 2. 21 below). Next we showed that the boundary map 



d : CH2(X, 1; Qi/Zi) ^ Pic(F) ® Qi/Zi 



is surjective (modulo finite groups) for X which has a good reduction Y . Thus if Y contains 
•^ primitive divisors, then CH^(X, 1; Qi/Xi) contains indecomposable elements and hence the 

map i cannot be surjective. 

The technique used in the former step works also in case / = p. On the other hand, in the 
latter step, we used the result of Sato-Saito f6l, in which they proved a weak Mordell-Weil 
type theorem for Chow group mod / different from p. Unfortunately its mod p counterpart has 
not been obtained. Thus we cannot use the same technique as in yj to show the surjectivity 
of the boundary map in case / = p. 

Actually we do not need the surjectivity of d to prove Theorem 11.0. 1[ It is enough to 
show that the corank of the image of d is greater than one. To do this, we construct an 
indecomposable element in CH^(X, 1; Z/p"Z) (never coming from CH^(X, 1) (g) Z/p"Z !). 



The strategy is as follows. We consider a quintic surface X C Pq which contains an 

irreducible quintic curve C with four nodes. Let (7 — )■ C be the normalization and {Pi,Qi} 
(1 < i < 4) the inverse images of the four nodes on C. Since the curve C is genus 2, 
there is a rational function /„ on C such that div(/„) = J2i=i ^i{Pi ~ Qi) i^od p" (this is a 
simple application of the theorem of Mattuck [5] which asserts that the Jacobian J(C')(Qp) 
is isomorphic to Z^ modulo finite groups). Thus the pair (C, /„) determines an element in 
CH^(X, 1; Z/p'^Z). We then prove that its boundary is nontrivial (hence indecomposable) 
under some assumptions. 

This paper is organized as follows. In ^ we give an axiomatic approach to the construc- 
tion of surface with infinite p-primary torsion in the Chow group of 0-cycles. In ^ we will 
construct such a quintic surface over Qp. A technical difficulty appears in the calculations 
of the boundary map. There we will use Igusa's j-invariants of hyperelliptic curves of genus 
two, which we list in Appendix for the convenience of the reader. 

2 Preliminaries 

For an abelian group M we denote by M[n] (resp. M/n) the kernel (resp. cokemel) of the 
multiplication by ra. Wedenote the p-primary torsion by M[p°°] = U„>iM[p"]. For schemes 
X and T over a base scheme S, we write X{T) = Mor5'(T, X) the set of S-morphisms, and 
say X G X{T) a T-valued point of X. If T = Speci?, then we also write X{R) = X(Speci?) 
and say x E X{R) a /^-rational point. 

For a regular scheme X, we denote by Zi(X) = Z'^^™^~*(X) the free abelian group of 
irreducible subvarieties of KruU dimension i. 

2.1 A'-cohomology and Gersten complex 

Let X be a smooth variety over a field F. Let us denote by X* the set of irreducible subvari- 
eties of X of codimension i. We write the function field of Z hy r]z. 

Let J(fi be the sheaf associated to a presheaf U t-T- Ki{U) where Ki(U) is Quillen's K- 
theory. The Zariski cohomology group H'(X, ^) is called the i^-cohomology. We only 
concern with H^{X, ^). It has an explicit description by using the Gersten complex 

Ki'iVx) -^ ecodi...=i^5 -^ Z\X). (2.1.1) 

Recall the maps di and d2. We denote by (/, D) the image of an element f E r]^ via the 
canonical inclusion rj^ — )■ 0codim £)=i '7d- Then the map d2 (called the tame symbol) is 
defined as follows 

(^ordD (g) \ 

(_l)o..(/)o..(.)/ 1^^^ _ 

The map di is defined in the following way. Let _D — > D be the normalization. To / G 77]^, 
we associate the Weil divisor div^(/) on D. Letting j : Z) — ;■ D ^-i- X be the composition, 



di(f, D) is defined to be j*(div^(/)). It is simple to check did2 = 0. Tensoring (12.1.11) with 
Z/n, one has a complex 

KiHvxWn ^^^^ e..,...,r,yn ^^^ Z^(X)/n (2.1-2) 

Then the Gersten conjecture (Quillen's theorem) tells that (12.1.21) gives rise to a flasque 
resolution of the shaef ^/ra and hence one has the canonical isomorphism 

H^{X, J^/n) = Ker(rfi ® Z/n)/lm{d2 ® Z/n) (2.1.3) 

for each n > 0. Hereafter we always identify the fi'-cohomolgy H^{X,^2/n) with the 
group in the right hand side of (12.1.31) . 

2.2 CH2(X, 1) and i^-cohomology 

We denote by CH*(X, j; G) Bloch's higher Chow group with coefficients in an abelian group 
G. We simply write Cff (X, j) = Cff (X, j; Z) and Cff (X) = Cff (X, 0). By [3J 2.5, we 
have the canonical isomorphism 

CH2(X, 1; Z/n) = H\X, J^/n) (2.2.1) 

for each n > 0. We will also identify CH^(X, 1; Z/n) with H\X, J^/n) by the above 
isomorphism. 

By the universal coefficients theorem on higher Chow group there is the exact sequence 

— > CH2(X, l)/n — > CH2(X, 1; Z/n) — > Cli^{X)[n] — > (2.2.2) 

for n 7^ 0. Putting n = I'' and taking the inductive limit on k, one obtains (II. 0.11) . Suppose 
that n is prime to the characteristic of F. Then there is the regulator map 

reg^ : Ctf(X, 1; Z/n) -^ /J|(X, Z/n{2)) 

to the etale cohomology group. Let 

NHl{X,Z/ni2)) : = Ker(i7|(X, Z/n(2)) ^ HUr]x,Z/n{2))) 

= Im( HUX,Z/ni2)) ^ HliX,Z/ni2))) 

codim Z=l 

where the second equality follows from the localization exact sequence of etale cohomology. 
The main theorem of Bloch-Ogus theory tells that the image of the regulator map coincides 
with the above: 

CH2(X, 1; Z/n) ^^ NHI{X, Z/n(2)). (2.2.3) 

It follows from (|2.2.2I) and (12.2.31) that one has Bloch's exact sequence 

^ CH\X, l)/n — > NHl{X,Z/n{2)) — y Cll\X)[n] — > 0. (2.2.4) 

If F is a p-adic local field, the cohomology group H'^{X, Z/n{j)) (resp. H'^{X, Qi/Zi{j))) 
is known to be finite (resp. of cofinite type). Hence the n-torsion part CH^(X)[n] is finite 
and CH^(X) [l°°] is of cofinite type for any n and /: 

Cli^{X)[r] = (Q,/ZO®^' + (finite group). 



2.3 Boundary map 

Let Rhea discrete valuation ring with a prime element n. Put K := R[tt^^] and F := R/tcR. 
Let Xji — 7- Speci? be a projective smooth scheme over R. Put X^ '■= X^ Xr K and 
Xf := Xji X/j F. There is the boundary map 

d : CH2(Xx, 1; Z/nZ) — ^ Pic(XF)/n, n>0. (2.3.1) 

Let us recall the definition. We freely use the identifications (12.1.31) and (|2.2.1I) . Let X](/) D) E 
Ker((ii ® Z/n) where D is an irreducible divisor on Xk and / is a rational function on 
D. Let Dr be the Zariski closure of D in Xr. Let D/j — )■ D/j be the normalization and 
Jd ■ Dji — 7- Dji M- Xji the composition. The cycle 

Z = 5^ jD*div5j/) G Z'(X^,)/n = Z^iXn)/n 

is supported on Xf since d2{J2if^ -D)) = in Z'^{XK)/n. Thus one can consider it to be a 
divisor on Xf and hence it determines an element \Z] of Pic(XF). We then define 

9(5^(/, D)) := [Z] e Pic{X^)/n. (2.3.2) 

It is simple to show that (12.3.21) is well-defined, namely it annihilates the image of d2 ® Z/n. 

3 Surface containing a curve with nodes 

Let X be a finite extension ofQp,R the ring of integers and F the residue field. For a scheme 
Vr over R, we write Vk := Vr x r K and Mf '■=VrXr F. 

3.1 Conditions (A) and (B) 

Let Xr C Pfj be a hypersurface which is smooth over R and Cr C X/j a hyperplane 
section which is flat over R. Let ttq : C*/? — ;■ Cr be the normalization and i : C^ — )■ Cr 
a desingularization, i.e. C^ is a regular arithmetic surface which is proper flat over R and 

C'j^ ^ Ck- Put TT := TToi 

C_R ^X^. 

Let 

N N N 

C^ = J2Dj, Cf = J2D,, C^ = Y,D', + Y.Ei 

3=1 3=1 i=l I 

be the irreducible decompositions such that tvq^Dj) = Dj, i{D'-) = Dj and Ei are excep- 
tional curves (see Remark [3. 1.21) . Note that Cp and Cf are reduced schemes (Remark 13.1.31) . 
We consider the following two conditions on (X/j, Cr). 




(A) Xk satisfies the following. 

There is a nonsingular scheme S over Q and a morphism Xs — >■ S which has a Carte- 
sian diagram 

Xk ^ Xs 

n 

Specif S. 

induced from an embedding Q{S) M- K such that the complexes 

— > H''^'' — > H'-^'^-' ^ nl (i = l,2) (3.1.1) 

^2,0 — ^iji.i^fi^ — ^i7°'2®f^| (3.1.2) 

— >H^^^(g)nl — >H^^^(g)nl (3.1.3) 

induced from the Gauss-Manin connection are exact at the middle terms. Here we 
put if*'-' = {W f^Vl\ ,^)pi.im the Hodge (i,j ) -component of the primitive cohomology 
Hl^{Xs/S)^,;^ := Hl^{Xs/S)/[H] with // a hyperplane section. 

(B) Cr satisfies the following conditions (B-1) and (B-2). 

(B-1) (1) Cr is an irreducible (hence integral) scheme (cf. Remark [3. 1.3 1) . 

(2) Ck has singular points Ai, ■ ■ ■ , A^ which are i^-rational nodes. 

(3) Tx~^{Ai) consists of two if-rational points P^ and Qi. 

(4) Cf is not irreducible (hence so is neither Cf nor C^, cf. Remark [3. 1.21) . 

(B-2) There are Tj G Zp (1 < i < m) which satisfy the following. 

(1) Let J = J{Ck) be the Jacobian variety of C^ and AJ : CHo(Cj^)deg=o ^ J{K) 
the Abel-Jacobi map. Then 

m 

Y,riM{Pi -Q^) = ^ in 1^ J(i^)/p". (3.1.4) 

(2) Let Pj /J and Qi^R be the Zariski closure of Pi and Qi in C^ respectively. We 
denote by (— ■ — )c' the intersection pairing on the arithmetic surface C^ (cf. JH 
Chapter III). Then there is no solution x; G Qp which satisfy all of the following 
equalities 

Y.l^l{El ■ Esh'^ + YZMP^,R - Q^,R ■ Es)c'^ =0 WS. 

In other words, there are qk,qs G ^p such that 

J2Qk{Ei-D',)c'^ + J2Q'siE,-Es)c', = 0, V/ (3.1.6) 




m 



(3.1.7) 
In case C^ = Cr (i.e. {Ei} = 0), this simply means 



m 

E 

i=l 



rm,R - Q^,R ■ Di)c'^ ^0, 3 k. 



Remark 3.1.1 Since Pi^R and Qi^R are R-sections, they meet C^ at nonsingular points 
transversally. Thus we have 

for any component D C C^. 

Remark 3.1.2 There is 1-1 correspondence between irreducible components ofCf and those 
of Cf (hence Cp = Xli^o(-Dj) is the irreducible decomposition). In fact, tcq is a finite 
morphism (EGA IV 7.8) which is an isomorphism over the regular locus C^^. Therefore 
TTQ^{Cf^^) — 7- Cp°^ is an isomorphism and Cp — 7^o'^{C^'^^) is a finite set of closed points. 
This implies that there is a 1-1 correspondence between generic points of Cf and those of 
Cf. 

Remark 3.1.3 One can see that Cp (and hence Cf) are automatically reduced. In fact let 

{x, y, z, w) be homogeneous coordinates o/Pp such that Cf is defined by w = 0. Write the 
defining equation ofXf by F{x, y, z) + wG{x, y, z, w). IfF has a decomposition F = F^F2, 
then the zero locus {Fi = G = w = 0} turns out to be a singular locus of Xp. This 
contradicts with the assumption that Xp is smooth. 

Remark 3.1.4 The curves {Dj}j are linearly independent in Pic(Xp) ^ Q. To see it it is 

enough to show that the matrix M = {{Dj ■ Dk)xf)i<j,k<N is nondegenerate where ( )x- 

denotes the intersection pairing on X^. Let Cj be the degree ofDj. By definition, 

N 

e, = {D, ■ Cf)x, = {D, ■ J2 Du)x, = D] + ^(Z), ■ Du)xr 

fc=l k^tj 

We claim (Dj ■ Dk)x- = ^j^k for j ^ k. In fact let F{x,y,z) + wG{x,y,z,w) be the 
defining equation of X^ as before. Let F = Y[j=i ^j ^^ ^^^ irreducible decomposition. Let 
P E Dj n Dk. Since Xp is smooth, G{P) ^ 0. One has 

^x„p/{Fj,Fk) = ^p3,p/{F,,Fk,F + wG) ^ ^p2,p/(F„ F^). 

Therefore {Dj ■ Dk)x^ = (-Dj ■ -Dfc)p2 = ejCk by the theorem ofBezout. Now we have 

(D- ■ Dk)x- = [^'^^ ~ ^'^' ""'^ ^^^ 
" 1 ejCk j ^ k 



and hence 

det M = ei ■ ■ ■ e^(l - J] e^)^-^ ^ 0. 



3.2 Infinite j9-primary torsion in tlie Cliow group of O-cycles 

Theorem 3.2.1 Let (X^, C/j) satisfies (A) and (B). Then the corank o/CHo(Xj^)[p°°] is 
nonzero (hence it is infinite). 

This follows from Bloch's exact sequence (|2.2.4|) and the following Lemmas r3.2.2l and r3.2.3[ 



Lemma 3.2.2 The image of the regulator map 

OA^Xk, 1) ® Qp -^ H\Gk, Hl(X, Qp(2))) 

coincides with the image of the map if^(Gi^, Qp(l)) — )► H^ (G k , H?^{X , Qp{2))) induced 
from the hyperplane class Qp(l) M- Hl^{X, Qp(2)). In other words the map 

OA^Xk, 1) ® Qp ^ H\Gk, Hl(X, Qp(2))pri,n) 

is zero. 

Proof. The condition (A) implies the above assertion (the proof is the same as in [1]). D 

Lemma 3.2.3 The corank of the image of the boundary map 

d : CU^Xk, 1; Qp/Zp) -^ Pic(XF) ® Qp/Zp 
is greater than 1. In other words the image of the map 

d : CU^Xk, 1; Qp/Zp) — > iFic{Xf)/[H]) ® Qp/Zp 
has nonzero corank where H is a hyperplane section. 

Proof. The proof makes use of the condition (B). We first construct an element ,^„ G 
CII^^Xk, 1; Z/p"-Z). By (B-2) (13. 1.41) . there is a rational function /„ on C^ such that 



diVc^(/n) = J2'^^iP^ " Q^) mod p"Zo(C^) 
i=l 

where Zo(Cj^) denotes the free abelian group of closed points on C'j^. Since 
7r,divc^(/„) = ^r,(v4i -A,) = mod p"Zo(X;^) 



j=i 



the pair (/„, Ck) determines an element ^„ G CH^(X;^, 1; Z/p"Z). By replacing /„ with c/„ 
for some constant c G iC*, we may assume that the support of divc' (fn) does not containes 
the component D[ so that we have 

m 

By definition of the boundary map 

d{in) = Y.''AD,] inPic(XF)/p'^ 

where [Dj] denotes the cycle class of the divisor Dj in Pic(XF) (cf. ^2.31) . Note that 
{[-^j]}j>i ^^ linearly independent in Pic(Xp) ® Q (cf. Remark [3. 1.41) . Therefore it is 
enough to show that min{ordp(?2j)}j is bounded as n — )■ +oo (since ordp(O) := +oo by 
convension, it implies that some rij is nonzero). Since 

(divc^(/„)-D)c;, = 

for any components D of C^ and the intersection numbers on C^ are integers (f4] III §3) , 
one has 

E, n,{D'^ . D',)c'^ + Y.I m{Ei ■ D',)c'^ + YZi n{P:,R - Q:,R ■ D',)c'^ ^ V/c, 

Z, n,iD'^ ■ Es)c'^ + Zi MEi ■ Esh', + E™ i r^iPi,R - Q^,R ■ E,)c'^ = \/s 

modulo p". It follows from (B-2) (13.1.61) and (13.1.71) that we have 

- E -.■ f E ^^(^;- ■ ^'^H + E ^^(^;- • ^^)c^;. 

j \ k s 

(m \ / m \ 

E ^^(^^.« - ^^.« ■ D'k)c', + E ^U E ^^(^'.^ - ^^.« ■ ^^H ^ 
j=l J s \i=l J 

Here n^ may depend on n. However so does none of r^, q^, q'^ or the above intersection 
numbers. Therefore at least one rij is nonzero and its p-adic order is bounded by that of the 
right hand side. This completes the proof. D 

Corollary 3.2.4 Let {Xr, Cr) satisfies (A) and (B). Then the corank o/CHq {Xk ^kL) [j9°°] 
is nonzero for arbitrary finite extension LjK. 

Proof. It is enough to show that X^ := Xk Xr L satisfies both of the assertions in Lemmas 
13.2.21 and 13.2.31 Since (A) is clearly satisfied for Xj^, Lemma [3. 2. 21 holds. The assertion in 
Lemma [3.2.3l remains true if we replace X^ with X^ because of the commutative diagram 

CH''{Xk, 1; Qp/Zp) — ^ (Pic(XF)/[i/]) ® Qp/Zp 



CII\Xl, 1; Qp/Zp) 1 (Pic(XFj/[iJ]) ® Qp/Zp. 

Here the right vertical arrow is injective modulo finite group. This completes the proof. D 



4 Construction of Quintic surface 

In this section we construct {Xz^, Czp) which satisfies the conditions (A) and (B) (A^ = 2, 
m = 4) in case X^ is a quintic surface. 

4.1 Setting 

Let 

t = (oo, Oi, 02, bo, bi, 62, Co, Ci, C2, di)i=(^iQ^i-^^i^^i^) 



be the homogeneous coordinates of P|"^ where / runs over the multi-indices such that ik > 

and io + ii + i2 + is = 4. Put 



'z'-'^w''^, 



H{x,y,z,w,t) := y^^dix'^y'^; 

I 
G{x, y, z, t) := x^{x - zfLi + y'^{y - zfL2 + xy{x - z){y - z)L3 

where 

Li = aox + aiy + 02-2, L2 = b^x + biy + 62-2, -^3 = CoX + Ciy + C2Z. 
We then consider a quintic homogeneous polynomial 

F{x, y, z, w, t) := G{x, y, z, t) + wH{x, y, z, w, t) (4.1.1) 

parametrized by t. For an open set S C ¥^ we put 

Xs := {{x,y,z,w)xteFlx S\ F{x, y, z, w, t) = 0} 

Cs := {{x,y,z) xteFlxS\ G{x,y,z,t) = 0} = Xsn{w = 0}. 

We thus have a family of quintic surface containing a quintic curve which has 4-nodes at 

(x,|/,z) = (0,0,1), (0,1,1), (1,0,1), (1,1,1): 

Cs' -Xs (4.1.2) 



S. 

Hereafter we take S to be an affine open set of P|^ (which is of finite type over Z) such that 
Xs — 7> S* is smooth. Let 

d2{w) = -(oo + a2)w'^ - (co + C2)w - {bo + 62) 
di{w) = aow^ — (fli — co)w'^ + {bo — ci)w — bi 
do{w) = {ai + a2)w^ + (ci + 02)^^ + (61 + 62)^ 



e2{u) = -(ao + 02) - (co + C2)u - (&o + &2)m^ 
e\{u) = ao — (ai — Co)^ + (60 — C\)'u^ — biu^ 
^eo{u) = (ai + a2)u + (ci + 02)^^ + (61 + b2)u^ 



and 



t/i := {[sq : Si] X u7 G P^ X A^ I ^2(^)^1 + di{w)siSo + do{w)sl = 0}, 
t/2 := {[to : ti] X n G P^ X A^ I 62(^)^2 + ei{u)toti + eo{u)tl = 0} 

where P^ = Proj^(S')[xo, xi] and A^ = Spec^{S)[z]. We glue Ui and U2 by identification 

[to : ti] X u = [si : wsq] x ti)^"*^ 

and obtain a scheme C^. Put s := si/so and t := ti/to- Hereafter we simply denote the 
coordinates [so : si] x w and [to : h] x u by (s, w) and (t, w) respectively. There is a finite 
morphism Cs — > P5 of degree 2 given by (s, if) 1— )■ if. The generic fiber of C*5 —)■ S* is a 
nonsingular hyperelliptic curve of genus 2. There is the normalization tis '■ Cs ~^ Cs given 

by 

(s, w) I — )■ (a;, y, z) = {s{w — s),w — s,w — s'^) 

(t, m) ^^ (x, y, z) = (t(l - t), m(1 - t), M - t^). 

Let Ai = (0, 0, 1), A2 = (0, 1, 1), A3 = (1, 0, 1), A4 = (1, 1, 1) be the 4-nodes of Cs- We 
putns\A,) = {Pi,Qi}: 



Pi{s,w) = (ai,ai) 
Qi{s,w) = (02, "2) 

P2(s,ti;) = (0,/3i) 
_Q2(s,w) = (0,/32) 

P3(t,M) = (0,7i) 

Q3{t,u) = {0,-f2) 

'P,{s,w) = il,5i) 

Q4{S,W) = (1,(52) 



02"^ + C2ai + 62 = 0, 
(ai + a2)P^ + (ci + C2)(3i + 61 + 62 = 0, 
(^0 + &2)7i^ + (co + C2)7i + ao + 02 = 0, 
(ao + ai + a2)(5,^ + (co + Ci + 02)5^ + 60 + &i 



(4.1.3) 


(4.1.4) 


(4.1.5) 


2 = 0. 


(4.1.6) 



We fix a regular affine scheme T of finite type over Z and a generically finite morphism 
T — )■ 5 such that P^ and Qi become T-valued points of Cs- In other words, the function field 
Q(T) contains Q{S) and all of a„- ■■Ji'm (gT3]) .- ■ ■ . (14X61) . Put Ct := 6*5 x 5 T: 



Ct 



^iiWi 



D 



■Cs 



s. 



10 



Theorem 4.1.1 There exists an embedding o : ^(T) M- Zp such that the pair {Xj,^, C^p) = 
{Xs y<a ^p5 Cs >^cT ^p) satisfies (A) and (B). 

The rest of this section is devoted to prove Theorem l4.1.1[ Combining the above with Corol- 
lary [3231 we have 

Theorem 4.1.2 (Theorem [I.O.ID There exists a quintic surface Xq^ C Pq over Qp such 
that CIIq{Xqp XQp K)[p°°] is infinite for arbitrary finite extension K/Qp. 

4.2 Condition (A) 

Proposition 4.2.1 Let Xs/S be as above. Then by shrinking Sq := S XzQto a small open 
set if necessary the sequences (I3.1.1I) . (13.1.21) and (13.1.31) are exact. Thus for any embedding 

Q{S) M- K, Xk '■= Xs y<s K satisfies the condition (A). 

Proof. Let 

OF dF OF dF 

i?. = ^(5^,)[x,y,z,^]/(— ,—,—,— ) 

be the Jacobian ring of the quintic polynomial F (|4.1.1I) . It follows from the theory of 
Jacobian rings that one has 



^li-5* ^ JJ^,2-^ ._ F'/ F'+^ H^{Xs / S) 



prim 



for < 2 < 2. Moreover the tangent space of S is canonically isomorphic to the homoge- 
neous part I^ of degree 5 of ideal 

/ = (x2(x - zY, y'^iy - zf, xy{x - z){y - z),w) 

of Rs and the Gauss-Manin connection can be identified with the dual of the ring product 
R%® P -^ Rp'^. Thus to show the exactness of (13.1. ID . (13.1.21) and (13.1.31) it is enough to 
show the following 4- sequences are exact: 

Rl+^' 0/5 y i?6+5i ^ Q (^ = 0, 1) (4.2.1) 

2 

Rl^ /\I^ — ^ i?| ® /^ — ^ Rf (4.2.2) 

2 

Rl^ /\I^ — yRf^I^ — ^ (4.2.3) 

All of them can be checked by direct calculation (with the aid of computer). D 
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4.3 Condition (B) 

Let a : ^(T) -)■ Qp be a ring homomorphism. Set X^ := X5 x^ Zp, Xq := Xs x^ Qp, 

X^^ := Xsx^ ¥p and similarly for Cs and Cs- Put P'';'^^ := Pi x^ Zp, Ql^^ := Qi x^ Zp 
and i^-^^ := i^, X , Qp, Ql^^ :=QiX^Qp. 

We consider the following conditions on a. Write a'^ = cr(a). 

(i) The homomorphism a is injective. In other words, (01/00)°^, ■ ■ ■ , (dj/aoY are alge- 
braically independent over Q. 

(ii) X^ is smooth over Fp (hence X£ is smooth over Zp). 

(iii) C§ has two irreducible components Di and D2. 

(iv) (7f is an integral regular scheme (hence Cq^ is a nonsingular hyperelliptic curve of 
genus 2). 



(v) There is a subset {ii, ^2, ^3} C {1,2, 3, 4} such that 

■^i.^^'^« and I 



^i.^^'^« and <3*n^' = » (4.3.1) 



or 



pa n D^ = g^^ n Di ^ 

.^X^^2^0 lQ^z,n 1^2 = 

for any i G {ii,i2,^3}- 

(vi) Let J'^ = J(C'q^) be the Jacobian variety and AJ : CHo(C'Qjdcg=o ^ -'^'^(Qp) the 
Abel-Jacobi map. Let {«i, ^2, ^3} be as in (vi). We may assume that (14.3.11) holds by 
exchanging P[^^^ and Ql^^ if necessary. Then AJ(/^-,^j^ -Q- ,qJ _ aJ(/^- q^ -i^-^^jj 
and AJ(i^'^ Q^ - g^^ qJ - AJ(i^'^Q^ - P''^qJ are linearly independent over Qp in 

J-(Qp)®Q^Q2. 

Proposition 4.3.1 There exists a which satisfies all of the conditions (i),- ■ ■ ,(vi). 



We shall give a proof of Proposition l4.3.1l in ^4.4[ 

Proposition 4.3.2 Suppose that a satisfies all of the conditions (i), ■ ■ • , (vi). Then {X^p , C^p ) = 
(X^ , eg ) satisfies the condition (B). 

Proof. (B-1) is straightforward. We see (B-2). Since J is a 2-dimensional abelian variety 
over Qp, one has 

J'^(Qp)^Z2 + (finite group) 
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by the theorem of Mattuck [Q (see also tZJ Part II Ch.V §7, Corollary 4). Therefore there is 
a nontrivial relation 

3 

J]r,AJ(/^^,Q^-Qr„Q,) = inJimJ'^(Q,)/p" (r, G Z^) (4.3.3) 

which gives the condition (B-2) (1). We show that ri, r2 and r^ satisfy (B-2) (2). Since C^ 
is regular, what we want to show is that 

3 3 

E '^(PU - QU. ■ Dihi, = ± E ^^ (4.3.4) 

is nonzero (see Remark [3. 1.1 1 for the above equality). Suppose ri + r2 + r^ = 0. It fol- 
lows from m3 that AJ(i^^_Q^ - Q^^q^) - AliP^^^ - Q^^^^) and AJ(/^;q^ - Q^^^^J - 
AJ(-?^3 Q - (5^3 Q ) are not linearly independent in J'^(Qp) Q = Q^. This contradicts with 
(vi). " ' ' " □ 

Theorem gTI] follows from Propositions 14311 14311 and l4ni 



4.4 Proof of Proposition 14.3.1 



For a smooth scheme V over Qp, we denote by y*^"^ a topological space V^(Qp) endowed 
with the p-adic manifold structure (cf. [7] Part II Chapter III). For a smooth scheme V over 
k C Qp, we simply write r^" = (V x^ Qp)^°. 
We put 

U2 = {(r: ff{T) ^ Zp I a satisfies (ii)} C T'^'^ 
U^ = {a : ff{T) -^ Zp I a satisfies (v)} C T 



an 
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and 

Fi = {a: ff{T) ^ Qp | a satisfies (i)} C T'^^ 
[/g = {a : ^(T) ^ Qp I a satisfies (vi)} C T^'^. 

Our goal is to show Fi n t/2 n ■ • • fl f/e 7^ 0. 

Lemma 4.4.1 Fi is a dense subset ofT^^. Namely for any open ball B in T^^, one has 

B n Fi ^ 0. 

Proof. Easy. D 

For ring homomorphisms a, r : ff{T) — t- Zp, we say a = r mod p"* if a;°^ = x"^ mod p" for 
allxe ^(T). 
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Lemma 4.4.2 (1) Suppose a = t mod p. Then a satisfies (ii) (resp. (iii), (v)j if and only 
if so does r. 

(2) Suppose a = T modp^. Then a satisfies (iv) if and only if so does t. 
Thus U2, U3, Ui and U^ are open sets ofT^^. 

Proof. (1) is clear. We see (2). It is easy to see that C^ is connected. It is enough to see 
whether C^ is regular or not around singular points of C^ . Let x be a singular point of C^ . 
Let fi be the local equations of the irreducible component Di of C^ around x. Let Fj be a 
lifting of fi to characteristic zero. Then one can write the local equation of C^ as F1F2 +pG. 
C^ is regular around x if and only if G'(x) ^ mod p. Thus the assertion follows. D 

It is not difficult to construct a : &{S) — )■ Zp which satisifies (ii), • • ■ , (v). Hence 

Lemma 4.4.3 f/2 n f/3 n f/4 fi f/5 7^ 0. 

Lemma 4.4.4 f/g is a dense open set ofT'^'^. 

To prove this, we prepare some notations. Let Tq := T x^Q and Csq ■= Cs x^ Q. Let 
^2 be the moduli scheme of curves of genus 2 over Q, and ^ — )• ^2 the universal curve. 
Then there is a dominant morphism Sq — )■ ^2 such that Csq — Sq x^^ ^. Note that Tq is 
a 8-dimensional variety and ^2 is a 3-dimensional variety. Put Ctq '■= Cs ^sTq: 

Cto -Cs„ ^^ 

n 

To ^ Sr 



Let ^ — 7- ^2 be the Jacobian of ^. The divisor Pi — Qi induces the morphism 

/, :Tq^^. (4.4.1) 

We first prove that Uq is an open set. Recall the theorem of Mattuck. Let ^ be the Lie 
algebra bundle of ^ over ^2- We endow ^ with the p-adic topology, and denote it by '^^^. 
Then there is a subbundle A C '^^^ whose fiber is isomorphic to Z^ and a subgroup bundle 
G C ^""'^ of finite index such that 

A^^G (4.4.2) 



n 



n 



where "exp" is the exponential map (^ Part II Ch.V §7). In particular there is a p-adically 
continuous homomorphism 

£ : ^^" — > A (4.4.3) 
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whose kernel and cokemel are finite. Clearly it is an open map on p-adic manifolds. Put 

91 ■■= fh - /i3' 92 ■■= fi2 - fh and ^ := ^1 X ^2 : Tq -^ ^ X ^. We denote by g^"" etc. the 
associated p-adic analytic map: 

an . rpa.n ^ g&n an . jian ^ ^an ^ ^an (4 4 4) 

Letting 

\/= {(t;i,t;2) e A X A I 171 At;2 7^0} (4.4.5) 

be a dense open set, we have 

V^ = {9n~\e X er\V). 

This shows that Uq is an open set. 

Next we show that Uq is a dense subset. The map g gives rise to the map 

2 

(g,)^ : tan(TQ)^ — > tan{^)g^^^) (4.4.6) 

of the Zariski tangent space at a point x E Tq. 

Claim 4.4.5 There is a closed subset Z CTq such that (14.4. 6h is surjective for all x ^ Z. 

Proof. Changing the variable s with F by F = 2d2{w)s + di{w) one has the Weierstrass 
form of the hyperelliptic curve Ctq'- 

Y^ = f{w) = d^{wf - AdQ{w)d2{w) = alw^ + ■ ■ ■ + bl 

We want to show that the pull-back 

2 

9t^]//^2 —^ ^Tq/^2^ K, ^2) I — > 9*1^1 + 9*2^2 (4.4.7) 

of Kahler differentials is injective at the generic point of Tq. Evaluating oq = 0, one has a 
closed subscheme To M- Tq and 

Ct^ Xt^ To:Y^ = fo{w) = Vow' - v,w^ + ■ ■ ■ - ^5, (4.4.8) 

vo = 4a2(ai + 02) 

vi = -((ai + co)^ + 4a2(co + ci + C2) + 4c2(ai + 02)) 

Still Tq — )• ^2 is dominant. We show that the composition map 

2 

9*n'^/^2 \to -^ ^\ij^2 Ito -^ ^\i^s2 (4.4.9) 
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is bijective at the generic point of Tq, which implies the injectivity of (14.4.71) and hence the 
desired assertion. Note that ^^ i ^ is a locally free sheaf of rank 2 generated by invariant 



1 -forms ^ and w^. One has 



„^ dw da\ da 

n 



flW 



Y 2aid2{ai) + di{ai) 2a2d2{a2) + di{a2) 
dw aidai a2da2 



Y 2aid2{ai) + di{ai) 2a2d2{a2) + ^1(0:2) 



dw d/Si d/32 

1 2 ~rr 



Y di(/3i) rfi(/32) 
dw _ /3id/3i /32d(32 

^'"^^ ~ dM) ~ d^m 

dw _ 71^71 72C?72 

Y ei(7i) 61(72) 
dw d'ji (^72 






Y ei(7i) 61(7 



2 



dw d6i d52 



Y 2d2i5i) + di(5i) 2d2('^2) + di{62] 
„, dw 5id6i S2d62 



Y 2d2{Si) + di{6i) 2d2{52) + di{52) ' 
We want to show that 

dw dw dw dw dw dw dw dw ,...„, 

43^-4^' 4«^3r-4«^^' 43r-4^' 4«^3r-4^3r (4-4.10) 

generate Vtlp / ^ as ^y^ -module at the generic point. 

The affine coordinate ring of ^2 is described by Igusa's j-invariants J2, Ja, Je, Js and 
•^10 (lEl)- In particular, ^l^^/Q ^^ generated by 

^(74/^2'), d{J,/Jl), d{Jio/Jl) (4.4.11) 

generically. Therefore it is enough to show that (14.4.101) and (14.4.111) generate 17^^ ,q as ^Tq- 
module at the generic point. We know the explicit forms of J2, ■ ■ • , -^10 (see ^Appendix). 
Therefore one can check it by direct calculations (the details are left to the reader since they 
are long and tedious). D 

We prove that Uq is dense in T^^. Let a G T^^ be an arbitrary point. For any open ball B 
about a, we want to show MDUq j^ $. There is a point ctq G B — Z{Qp). So it is enough to 
show Bq n t/g 7^ for any open ball Bq about aQ. It follows from Claim l4A5] that the map g^"^ 
(14.4.41) is an open map on (sufficiently small) Bq. In particular g^^CEo) is an open subset of 
^an y. ^an ^^^ hcncc {e X e)g'^^{Mo) is also open in A x A. Since V (14.4.51) is a dense open 
set, wehaveV"n(£xe)^^"(Bo) ^0. This means Bq n f/g =Mon{g^'')-\£ x £)-\V) ^0, 
which is the desired assertion. This completes the proof of Lemma l4.4.3[ 
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We finish the proof of Proposition I4.3.1[ It follows from Lemmas 14.4.31 and 14.4.41 that 
f/2 n ■ ■ • n f/g is a nonempty open set. By Lemma l4.4.1l one has Fi fl f/2 H ■ ■ ■ fl f/e 7^ 0. This 
is the desired assertion. 



5 Appendix: Igusa's j -invariants 



In [I2I, Igusa gave the arithmetic invariants of hyperelliptic curves of genus 2. For a hyperel- 
liptic curve which has an affine equation 



where 



V-^X + ViX — f 5 



y^ = f{x) = VqX^ — ViX^ + V2x'^ 

they are given as follows. 

J2 =5t'of4 — 2t>if3 + 4^"'^3t'2 

1 r O 10 

J4 = — 8^ [25fof3t'5 — 15fQf4 — 15foflf2'y5 + 7fot'lf3f4 + 2~ VQV2Vi 



rj o Q O 

— VqV2V^ + 4t>5^t>5 — W]^f2?;4 — fif3 + flf2f3 — 3-2" 



S2I 



Jfi 



lQ-\2-^b^vlv2vl 



2^vlvlvl 



2hVf^vzViV5 + 5t;of4 

- lQvlviV2V4V5 + lOuoWiUgfs - vlviv^ivl - A'^^^vlvlv^v^ 

/I— 111 2 2 2 I o— It 2 2 2 4 I /^ 3 

- 4 llt>gt>2f4 + 2 lVQV2V.^Vi — fgfg + Ofofif4f5 

- 'ivQvlv2V'iV^, + 2"-^7t;ot;if2'y4 - 2vqvIvIva + 3 ■ 4"-^fof it;2'y5 



4 it;ot;2^t;2 



— 4 ""^Tfof lt'2'y3f4 + tiof lf2'i^3 + 7-16 "^fof2'i^4 



4„,2 



fif 



1^4 



Js =4-^ 


[J2J6 


-J!] 
















Jio =VoD 




















vo 


-Vi 


V2 


-f3 


Va 


-^^5 
















vo 


-Vi 


1^2 


-V3 


Vi 


-?^5 
















Vo 


-^1 


V2 


-V3 


V4 


-V5 
















Wo 


-Vi 


V2 


-V3 


V4 


-V5 


D = 


5vo 


-4fi 


3f2 


-2^73 


V4 



















5i;o 


-4fi 


3f2 


-2v3 


t;4 



















5wo 


-4fi 


3f2 


-2V3 


^4 



















5t;o 


-4fi 


3t;2 


-2t;3 


V4 



















5t;o 


-4fi 


3t;2 


-2V3 


f4 



is Sylvester's resultant. 

Putting the degree of J2i to be 2i, the affine coordinate ring of 
geneous part of degree in the graded ring Q[J2,- ■ ■ , Jio 



'{2 is given by the homo- 



^iV] (El Theorem 2). 
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